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We investigate the relative particle number squeezing produced in excited states of a
weakly interacting condensate at low temperature using stimulated light scattering. We
shall show that if a macroscopic population of particles is excited directly out of the k = 0
state, the squeezing between particle states occurs primarily in the low momentum, i.e.
k < k0, states (see Figure 1). Furthermore, if particles are excited that are not directly
coupled out of the k = 0 state, then we shall show that a modest amount of almost
optimally squeezed populations of particles can be produced at high momentum, i.e.
k > k0 (see Figure 2). We shall briefly discuss possible applications of these squeezed
particles.
A macroscopic source of strongly entangled
atoms would be immensely valuable for such appli-
cations as Heisenberg limited clocks [1], quantum
information processing (for reviews see [2]), and
tests of quantum state reduction [3]. Various meth-
ods of producing macroscopic entangled atoms us-
ing Bose-Einstein condensates (BECs) have been
proposed, such as four wave mixing [4] and utiliz-
ing spin-exchanging collisions in a trap [5,6]. The
goal of this paper is to investigate the relative num-
ber squeezing produced in excited states of a con-
densate using stimulated light scattering [7]. We
shall discuss how squeezing can be converted into
entanglement. The main results of the letter are as
follows: if a macroscopic population of particles is
excited directly out of the condensate, the squeez-
ing between particle states occurs primarily in the
low momentum states as seen in Figure 1; if parti-
cles are excited that are not directly coupled out of
the condensate, then we shall show that a modest
amount of almost optimally squeezed populations
of particles can be produced at high momentum
states as seen in Figure 2.
To understand the nature of the correlations
present in a dilute uniform BEC, we rst con-
sider how weak repulsive interactions aect the
ground state. Correlations between free particle
states with momenta k and −k (all momenta are
understood to be vectors) are present in the con-
densate ground state, jφ0i. These arise in the mo-
mentum conserving interaction of two condensate
atoms colliding that admix momentum states k
and −k into the ground state. Observation of the
suppression of the static structure factor at low k
[9] is evidence for the existence of these correlated
pair excitations.
To derive an approximate ground state for the
weakly interacting BEC, we assume a contact in-
terparticle pseudopotential (r) = U0δ(3)(r) and
that the condensate is homogeneous conned in a
box of Volume V . Homogeneity should be a good
approximation for the central region in large al-
kali condensates in recent experiments. We apply
periodic boundary conditions to produce a second
















where U0 = 4pih2a/m, and a is the 2-body scatter-
ing length that characterizes the collisions among
the atoms. By assuming that there is a macro-
scopic population in the k = 0 momentum state
and by neglecting terms of order N1/2, where N
is the total number of bosons, we can approximate
this Hamiltonian to describe a dilute condensate





















Note that we have redened the ground state
energy to be zero. We then diagonalize H^BEC
by introducing a linear transformation, a^k =
ukα^k−vkα^y−k, from particle operators, a^k, to quasi-
particle operators, α^k, where uk = (1 − β2k)−1/2,
vk = βk(1− β2k)−1/2, βk = 1 + y2k − yk(2 + y2k)1/2,
yk = jkj/jk0j, k20 = 8piaN0/V , and N0 is the num-








where ωk = (hk20/2m)yk
√
2 + y2k [12]. Through-
out this paper we are assuming that our system
is at, or modestly perturbed from a quasi-particle
vacuum or T = 0. The ground state for the uni-
form weakly interacting BEC is then dened as












This state has the form of a set of two-mode
squeezed states [13] and consequently has the prop-
erty of being perfectly squeezed, or having zero
variance in the relative number of particles in k
and −k, i.e. [(nk − n−k)]2 = 0.
Squeezing in the relative number of particles be-
tween states is not equivalent to entanglement, but
squeezed states can be entangled or converted into
entangled states. For example, a twin Fock state,
which is an optimally relative number squeezed
system, can be converted to an entangled system
via a 50/50 beam-splitter [14]. The ground state of
a dilute uniform BEC, jφ0i, is optimally squeezed
and even optimally entangled in the entropic sense
[15]. However, this is presumably only of practi-
cal use if the populations of squeezed states can be
separated from the condensate ground state.
We shall quantify the degree of squeezing by
dening the squeezing parameter, ξk,k′ , to be




where nk = hn^ki = ha^yka^ki is the number of par-
ticles in a momentum state k. This squeezing pa-
rameter is equivalent to the one introduced by [16]
in the spin-squeezing formalism to take into ac-
count of the correlations of particles discussed by
[17]. If the two relevant states are independent
and coherent then ξk,k′ = 1. On the contrary, for
optimally relative number squeezed populations of
the momentum states k and k0, [(nk −nk′)]2 = 0
implying ξk,k′ = 0. So as ξk,k′ decreases, the rela-
tive number squeezing between the two states im-
proves.
Squeezed systems can be a valuable source for
entanglement if the particles in the squeezed states
can be extracted from the condensate. In this let-
ter, we investigate how to accomplish this extrac-
tion using Bragg scattering. In this method a con-
densate is illuminated using two laser beams with
a wave vector dierence of k and a frequency dif-
ference of δ. In remaining part of this letter, we
study ways to obtain the best possible amount of
squeezing between atomic states of dierent centre
of mass momenta.
We calculate the time evolution of the system
and the relevant populations using perturbation
theory. We treat the eective coupling between
the laser and the condensate, ~Ω, as a perturbation
to the Hamiltonian (3) describing a weakly inter-
acting condensate. The results presented below
have been calculated to the order ~Ω2. The eective












kα^k+ − vkk+α^ykα^y−(k+))eiδt] + h.c. (6)
(subscripts k are shorthand for k  k) and
ukk′ = ukuk′ + vkvk′ , vkk′ = ukvk′ + vkuk′ . The
coupling is given by ~Ω = jΩ(t)j2/2, where Ω(t) is
the single photon Rabi frequency. The detuning,
, of the laser from the internal atomic transition
frequency is assumed to be suciently large to adi-
abatically eliminate the intermediate state.
We rst consider momentum states k = k
that are directly coupled to the macroscopically
populated k = 0 momentum state by the Bragg
beam. We tune the Bragg beam’s frequency dif-
ference to the resonance δ = ωk to maximize
the population of excited particles with momen-






−iωkt + h.c. so there are no correlations
between quasi-particles to the order of our calcula-
tion and therefore no relative number squeezing be-
tween quasi-particle populations. However, when
we project the excited quasi-particle states into a
particle basis there is signicant relative number
squeezing in the phonon (or quasi-particle regime),
k < k0, as seen in Figure 1. This squeezing origin-
inates with our initial state (eq. 4).


















FIG. 1. The squeezing parameter ξ∆k,−∆k as a function of k for succe
parameters: N0 = 10
7 23 Na atoms, Volume V = 10−7 cm, a = 2.8 nm, Rabi
 = 1GHz implying n0 = 10
14 cm−3, hk20/2m = 10 kHz and ~Ω/(hk
2
0/2
deteriorates with increasing time and the squeezing is concentrated at the lo
Note also that as time increases the squeezing
deteriorates as the squeezing parameter asymptot-







Although perturbation theory breaks down at
large times, the calculation remains valid near the
asymptotic limit. Assuming the resonance condi-
tion δ = ωk, the particle populations with momen-
tum k and −k are approximately given by
nk  v2k +
(~Ωt)2
4
u2k(uk − vk)2N0, (8)
n−k  v2k +
(~Ωt)2
4
v2k(uk − vk)2N0, (9)
up to order ~Ω2. For example, for the experimen-
tal parameters as used in Figure 1, after a Bragg
pulse with a duration of 100µ s approximately 104
particles are in momentum state k0/2 and approx-
imately 3  103 particles are in momentum state
−k0/2. These momentum states should be par-
tially squeezed with ξk,−k  0.6.
Next we investigate the squeezing behavior of
particle populations with momentum k 6= k
that are not directly coupled to the k = 0
state. We nd that the best squeezing occurs be-
tween populations of momentum states k + k
and −k as the Bragg beam, tuned to δ = ωk +
ωk+k, excites a particle from a correlated pair
in the ground state [18]. In this case, H^int 
−∑k h~Ω2 vkk+α^yk+α^y−kei(ωk+ωk+)t + h.c, which has
the form of a two-mode squeezing operator. There-
fore, the relative number between quasiparticle
populations at momenta k + k and −k is op-
timally squeezed to the order of the calculation.
It is also evident from this simplied Hamiltonian
that the collisions play an important role during
the Bragg scattering process. This is contrary to
the previous situation (Figure 1) when the squeez-
ing originated in the initial state.
We project these optimally squeezed quasi-
particle states into a particle basis to obtain the
particle squeezing parameter ξk+k,−k as a func-
tion of k (assuming k = k/2) for successive times
as seen in Figure 2.
















FIG. 2. The squeezing parameter ξk+∆k,−k as a function of k for successive times for the same experimental
parameters as used in Figure 1. Note that the squeezing improves with increasing time and increasing momentum.
As time increases the squeezing improves and
the squeezing parameter approaches asymptoti-


















As with the previous situation considered in Fig-
ure 1, the validity of our perturbative calculation is
very close to the asymptotic limit. On resonance,
the particle populations of atoms with momentum
k + k and −k are approximately given by












respectively. We can see from Figure 2 that
the relevant states are approximately squeezed
(ξk+k,−k  0) in the particle regime k > k0. For
example, if we assume the same experimental pa-
rameters as used in Figure 2, a Bragg pulse with
a duration of 100 ms should produce roughly 60
particles in both momentum states 3k0 and −2k0.
These momentum states should be almost opti-
mally squeezed with ξk+k,−k  0. Although
only a modest number is excited into the relevant
states, these correlated particles would make ideal
seeds for 4-wave mixing experiments as the intro-
duction of uncorrelated particles can be avoided.
It is important to note the we have not included
the eects of loss which potentially deteriorates the
relative number squeezing presented in this paper.
However, we expect this loss signicantly aects
the general squeezing behavior only in the long
time limit.
In summary, we have considered two situa-
tions where one can excite squeezed particles using
Bragg scattering. We predict that by illuminating
a dilute condensate with a suciently long Bragg
beam pulse, one can excite a macroscopic popu-
lation of partially squeezed particles in the quasi-
particle regime. Since the highly squeezed modes
are in the quasi-particle spectrum k < k0, one
must employ a dierent method to extract these
squeezed atoms so that this system can be used as a
source for entangled atoms. One can directly mea-
sure the squeezing behavior between the excited
states using a scattering experiment of the kind
suggested by Yurke [19], which will enable probing
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of the properties of the condensate and give direct
evidence of quantum depletion. Finally, by con-
sidering states that are not directly coupled to the
macroscopically populated k = 0 state, we have
shown that one can excite and extract populations
of almost optimally squeezed particles that can be
used to improve the squeezing in the output of a
4-wave mixing experiment.
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